For any given integers n, k and l with n ≥ 1 and 0 ≤ k < l ≤ n, we denote by G(n, k, l) the graph whose vertex set consists of all k-and l-subsets of [n] = {1, 2, . . . , n}, where two distinct vertices are adjacent if one of them is contained in another. In this note, we determine the spectrum of G(n, k, l) (and its line graph) for arbitrary k, l. As by-products, we obtain the spectra of the subgraphs (and their line graphs) of the hypercube induced by two consecutive layers, which generalizes a result due to Mirafzal [S.M. Mirafzal, A new class of integral graphs constructed from the hypercube, Linear Algebra Appl. 558 (2018) [186][187][188][189][190][191][192][193][194].
Introduction
Let G = (V, E) be a simple undirected graph with vertex set V and edge set E. As usual, we denote by L(G) and A(G) the line graph and adjacency matrix of G, respectively. The characteristic polynomial of G is defined as φ(G, x) = |x·I −A(G)|, where I denotes the identity matrix of order |V |. The zeros of φ(G, x) are called the eigenvalues of G, and all eigenvalues together with their multiplicities are called the spectrum of G. In particular, G is said to be integral if its spectrum consists entirely of integers. Also, if G is a bipartite graph with bipartition V = V 1 ∪ V 2 (|V i | = n i ) such that each vertex of V i has r i neighbors in V j , where i, j ∈ {1, 2} and i = j, then we say that G is semi-regular bipartite with parameters (n 1 , n 2 , r 1 , r 2 ).
Let [n] = {1, 2, . . . , n} (n ≥ 1). For any fixed integers k, l with 0 ≤ k < l ≤ n, we define G(n, k, l) as the graph with vertex set and edge set
Observe that G(n, k, l) ∼ = G(n, n − l, n − k). Thus we can assume that k + l ≤ n (implying k < n/2 due to k < l). By definition, it is easy to verify that G(n, k, l) is a connected bipartite graph with bipartition
Furthermore, we see that
Thus G(n, k, l) is a connected semi-regular bipartite graph with parameters n k , n l , n−k l−k , l k , and its line graph L(G(n, k, l)) is a connected n−k l−k + l k − 2 -regular graph on n−k l−k n k = l k n l vertices. The Boolean lattice BL(n) (or hypercube Q n ) is the graph with vertex set consisting of all subsets of [n], and with an edge connecting two vertices (subsets) if their symmetric difference has precisely one element. In the graph BL(n), the layer L k is the family of k-subsets of [n]. Let B(n, k) (0 ≤ k ≤ n − 1) denote the subgraph of BL(n) induced by layers L k and L k+1 . It is not hard to see that B(n, k) = G(n, k, k + 1), and so we can assume that k < n/2 by above arguments. In particular, B(n, k) is a connected semi-regular bipartite graph with parameters n k , n k+1 , n − k, k + 1 , and its line graph L(B(n, k)) is a connected (n−1)-regular graph on (n − k) n k = (k + 1) n k+1 vertices. In [4] , Mirafzal showed that the line graph L(B(n, 1)) (n ≥ 4) is an integral graph with distinct eigenvalues −2, −1, 0, n − 2, n − 1 by using the equitable partition method in algebraic graph theory. In this note, we determine the spectra of G(n, k, l) and L(G(n, k, l)) for arbitrary k, l (0 ≤ k < l ≤ n and k + l ≤ n). As by-products, we obtain the spectra of B(n, k) and L(B(n, k)) for arbitrary k, which generalizes the main result of Mirafzal [4] . In particular, we see that L(B(n, k)) is also an integral graph.
Main Results
Let n, k and i be integers with n ≥ 1 and 0 ≤ i ≤ k ≤ n. Denote by J(n, k, i) the graph whose vertex set consists of all k-subsets of [n], where two vertices (ksubsets) are adjacent if their intersection has size i (here J(n, k, k) can be viewed as the graph containing n k isolated vertices in which each vertex has one loop). As J(n, k, i) ∼ = J(n, n − k, n − 2k + i), we can assume that k ≤ n/2. In particular, the graphs J(n, k, k − 1) and J(n, k, 0) are known as the Johnson graph and Kneser graph, respectively.
Before giving the spectrum of G(n, k, l), we need the following result about the eigenvalues and eigenvectors of J(n, k, i). Lemma 1. (Knuth [3] ; Brouwer, Cohen and Neumaier [1, §2.2]) Let n, k and i be integers with 0 ≤ i ≤ k ≤ n/2. Then the spectrum of J(n, k, i) is given by
In fact, for any fixed s (0 ≤ s ≤ k), there exists a set of linearly independent eigenvectors z s j : 1 ≤ j ≤ n s − n s−1 such that A(J(n, k, i)) · z s j = α i,s · z s j for all i = 0, 1, . . . , k and j = 1, 2, . . . , n s − n s−1 . Using Lemma 1, we now determine the spectrum of G(n, k, l) for arbitrary k, l.
Theorem 2. Let n, k and l be integers with 0 ≤ k < l ≤ n and k + l ≤ n. Then the graph G(n, k, l) has spectrum
Proof. Since G(n, k, l) is a bipartite graph, its adjacency matrix can be written as
where V 1 (|V 1 | = n k ) and V 2 (|V 2 | = n l ) are given in (1). Then we have
where n k ≤ n l due to k < l and k + l ≤ n. Note that the spectrum of G(n, k, l) is symmetric about 0. If ξ 1 , ξ 2 , . . . , ξ ( n k ) are all eigenvalues of BB T , then from (4) we can deduce that the eigenvalues of G(n, k, l) are ± √ ξ 1 , ± √ ξ 2 , . . . , ± ξ ( n k ) and n l − n k 's 0. Thus it suffices to determine the eigenvalues of BB T . Recall that V 1 and V 2 consist of all k-and l-subsets of [n], respectively. For any two vertices u, v ∈ V 1 (not necessarily distinct), we see that (BB T ) u,v is just the number of common neighbors of u, v in V 2 . Then, according to the definition of G(n, k, l), we obtain
or equivalently,
where A(J(n, k, i)) is the adjacency matrix of the graph J(n, k, i). Therefore, by Lemma 1, each eigenvalue of BB T is of the form
and the corresponding multiplicity is n s − n s−1 , where α i,s is given in (2) , and 0 ≤ s ≤ k. Then we can obtain the spectrum of G(n, k, l) immediately. Remark 1. It is worth mentioning that the largest eigenvalue of G(n, k, l) is expressed as √ β 0 in Theorem 2. Indeed, from (3) we have
which implies that √ β 0 is the largest eigenvalue because G(n, k, l) is semi-regular bipartite with parameters n k , n l , n−k l−k , l k . By Theorem 2, we can easily deduce the spectrum of B(n, k). Corollary 3. Let n and k be integers with n ≥ 1 and 0 ≤ k < n/2. Then the spectrum of B(n, k) is
Proof. For k = 0, we have B(n, 0) ∼ = K 1,n , the star of order n + 1. Thus the result follows because K 1,n has spectrum {[± √ n], [0] n−1 }. Now suppose k ≥ 1. Recall that and our result follows.
If l = k + 1, then we have x − n−k l−k + 2 · x − l k + 2 − β s = (x − s + 2)(x − n + s + 1) by (5). Thus the spectrum of L(B(n, k)) = L(G(n, k, k + 1)) can be deduced from Theorem 5 immediately.
Corollary 6. Let n and k be integers with n ≥ 1 and 0 ≤ k < n/2. Then the line graph L (B(n, k) ) is an integral graph with spectrum
Putting k = 1 in Corollary 6, we obtain the main result of Mirafzal [4] .
Corollary 7 (Mirafzal [4] ). Let n ≥ 4 be an integer. Then the graph L(B(n, 1)) is an integral graph with distinct eigenvalues −2, −1, 0, n − 2, n − 1.
